Abstract. We give a characterization of countable discrete subspace A of a topological space X such that there exists a (linear) continuous mapping ϕ : C * p (A) → Cp(X) with ϕ(y)| A = y for every y ∈ C * p (A). Using this characterization we answer two questions of A. Arhangel'skii. Moreover, we introduce the notion of well-covered subset of a topological space and prove that for well-covered functionally closed subset A of a topological space X there exists a linear continuous mapping ϕ : Cp(A) → Cp(X) with ϕ(y)| A = y for every y ∈ Cp(A).
Introduction
For a topological space X we denote the space of all continuous function y : X → R with the topology of pointwise convergence by C p (X), and the subspace of all continuous bounded function y : X → R is denoted by C In this paper we give a characterization of countable discrete subspace A of a topological space X for which exists a (linear) continuous mapping ϕ : C * p (A) → C p (X) with ϕ(y)| A = y for every y ∈ C * p (A). Using this characterization we obtain the positive answer to Question 1.1 and the negative answer to Question 1.2. Moreover, we introduce the notion of well-covered subset of a topological space and prove that for well-covered functionally closed subset A of a topological space X there exists a linear continuous mapping ϕ : C * p (A) → C p (X) with ϕ(y)| A = y for every y ∈ C * p (A).
Countable C-embedding sets
The next property is probably well-known (see [10, Corollary 1] ).
Proposition 2.1. Let X be a completely regular space and A ⊆ X such that there exists a continuous mapping ϕ : C * p (A) → C p (X) such that ϕ(y)| A = y for every y ∈ C * p (A). Then the set A is closed in X. Proof. Suppose that x 0 ∈ A \ A. Let y 0 (x) = 0 for every x ∈ A and z 0 = ϕ(y 0 ).
and choose an finite set B ⊆ A such that ϕ(y) ∈ W 0 for every y ∈ C * p (A) with y| B = y 0 | B . We choose an open in X set G such that B ⊆ G ∩ A and x 0 ∈ G. There exists a continuous function y ∈ C * p (A) such that y(x) = 0 for every x ∈ B and y(x) = 1 for every x ∈ A \ G. It easy to see that y| B = y 0 | B and ϕ(y) ∈ W 0 , which implies a contradiction.
A set A in a topological space X is called strongly functionally discrete in X if there exists a discrete family (G a ; a ∈ A) of functionally open sets G a ∋ a. Proposition 2.2. Let X be a topological space, A = {a n : n ∈ N} ⊆ X be a countable set, Y be a compact and f : X × Y → R be a separately continuous function such that the continuous mapping ϕ : Y → C p (A), ϕ(y)(a) = f (a, y), is a homeomorphic embedding and for every n ∈ N there exist y
Then the set A is a strongly functionally discrete in X.
Proof. Without loss of generality we can supose that Y ⊆ C p (A). For every n ∈ N we put
Clearly, a n ∈ U n and U n is functionally open in X for every n ∈ N.
We show that (
is a Hausdorff compact space and the mapping f x0 : Y → R is continuous, there exists n 0 ∈ N such that |f (x 0 , y
is locally finite in X. It remains to use that the sequence (F n ) ∞ n=1 of the sets
Theorem 2.3. Let X be a topological space and A ⊆ X be a discrete countable subspace of X. Then the following conditions are equivalent (i) there exists a (linear) continuous mapping ϕ :
Clearly, f is separately continuous and the set A is strongly functionally discrete in X according to Proposition 2.2.
is a discrete family of functionally open sets G a ∋ a. For every a ∈ A we choose a continuous mapping ϕ a :
and its restriction ϕ C * p (A) are the required one. The following corollary gives the answers to Questions 1.1 and 1.2.
Corollary 2.4. Let X be a topological space such that for every countable set A ⊆ X there exists a continuous mapping ϕ : C * p (A) → C p (X) with ϕ(y)| A = y for every y ∈ C * p (A). Then (a) every discrete countable subspace A of X is a strongly functionally discrete set in X;
(b) if X is a T 2 -space in which every locally finite system of functionally open sets is finite (in particular, if X is a pseudocompact) then X is finite; (c) X does not equal to the space of all weak P -points in βω \ ω; (d) if X is a completely regular space, then every countable subspace A of X is a strongly functionally discrete set in X.
Proof. The statement (a) follows immediately from Theorem 2.3.
(b). It is enough to note that any infinite T 2 -space has a countable discrete subspace.
(c). According to [4] the space W of all weak P -points in βω \ ω is ultrapseudocompact, in particular, pseudocompact. Moreover, pseudocompactness of W easy follows from the next fact (see [6] , [7] ): there exists a weak P -point z in βω \ ω which is not a P -point in βω \ ω (a point x of a topological space X is called a P -point if x ∈ A for every F σ -set A ⊆ X \ {x}).
(d). According to Proposition 2.1, every countable subset A ⊆ X is closed. It easy to see that every countable subset A ⊆ X is discrete. Now it remains to use (a).
Remark 2.5. Since the closure A in βω of a countable set A ⊆ βω is homeomorphic to βA (see, for example, [8, Corollary 3.2]), every countable set A ⊆ βω is C * -embedding in βω. But for every infinite pseudocompact space X ⊆ βω and every countable set A ⊆ X does not exist a continuous mapping ϕ :
The following example shows that there exists a space X with this property which is not a P -space.
Example 2.7. Let S be an uncountable set and X is the space of all function x : S → {0, 1}, i.e. X = {0, 1}
S . Let x 0 (s) = 0 for every s ∈ S. The set X \ {x 0 } is open subset of X equipped with the topology of uniform convergence on the countable subsets T ⊆ S. Moreover, the sets
where T ⊆ S is a countable set and B ⊆ {0, 1} T is a countable set with x 0 | T ∈ B, form a base of neighborhoods of x 0 in X. It is easy to see that every countable set A ⊆ X is strongly functionally discrete in X.
On other hand, let {t n : n ∈ ω} ⊆ S be a countable set. Then the set
S\{tn} is a G δ -set in X with x 0 ∈ G, but G is not a neighborhood of x 0 . Thus, x 0 is not a P -point in X.
Continuous extension from closed sets
Proposition 3.1. Let X be a topological space, A ⊆ X, F ⊆ X be a functionally closed set and G ⊆ X be a functionally open set such that A ⊆ F ⊆ G and A is a retract of G. Then there exists a linear continuous mapping ϕ :
Proof. Choose a retraction r : G → A and a continuous function f :
Let X be a topological space and π X : X → C p (C p (X)), π X (x)(y) = y(x). We denote the linear subspace L(X) = {α 1 π X (x 1 ) + · · · + α n π X (x n ) : n ∈ ω, x 1 , . . . , x n ∈ X, α 1 , . . . , α n ∈ R}.
of C p (C p (X)) by L(X). Analogously we put π * X : X → C p (C * p (X)), π * X (x)(y) = y(x) and denote the linear subspace Then
If A is homeomorphic to a topological vector space, then (iii) ⇒ (ii) and all conditions (i) − (iv) are equivalent to the following condition (v) A is a retract of X.
Proof. (i) ⇒ (ii). We consider the continuous mapping
. It remains to note that according to [9, Theorem IV.
It is sufficient to put ϕ(y)(x) = ψ(x)(y) for every x ∈ X and y ∈ C p (A).
The implication (iii) ⇔ (iv) can be proved similarly. Let A is homeomorphic to a topological vector space. Without loss of the generality we can assume that A is a topological vector space. Then the implication (iv) ⇒ (ii) follows immediately from the fact that the mapping φ :
, is a homeomorphism. Moreover, the mapping r : X → A,
is continuous.
We say that a subset A of a topological space X is a L-retract in X, if there exists a continuous mapping ψ : X → L(A) with ψ(a) = π A (a) for every a ∈ A.
A subset A of a topological space X is called well-covered in X, if there exists a sequence of locally finite functionally open covers (U (n, i) : i ∈ I n ) of A in X and sequence of families (λ n,i : i ∈ I n ) of continuous mappings λ n,i : U (n, i) → A such that for every a ∈ A and every neighborhood U of a in A there exist a n 0 ∈ ω and a neighborhood U 0 of a in X such that λ n,i (U (n, i) ∩ U 0 ) ⊆ U for every n ≥ n 0 . Theorem 3.3. Let X be a topological space and A be an well-covered functionally closed subset of X. Then A is a L-retract in X.
Proof. We choose a sequence of locally finite functionally open covers (U (n, i) : i ∈ I n ) of A in X and sequence of continuous mappings (λ n,i : i ∈ I n ) of continuous mappings λ n,i : U (n, i) → A which satisfy the condition from the definition of well-covered set. Note that every set G n = i∈In U (n, i) is functionally open in X.
For every n ∈ ω we choose a partition of the unit (φ n,i : i ∈ I n ) on G n which is subordinated to (U (n, i) : i ∈ I n ). For a fixed n ∈ ω and i ∈ I n we consider the mapping µ n,i : X → L(A),
Note that µ n,i (x) = φ n,i (x)π A (λ n,i (x)) for every x ∈ U (n, i). Therefore the restrictions of µ n,i on the closed sets U (n, i) is continuous. Thus µ n,i is continuous too. Now we choose sequences of functionally open in X sets W n and functionally closed in X sets F n such that A ⊆ F n+1 ⊆ W n ⊆ F n ⊆ G n for every n ∈ ω, and a sequence of continuous functions δ n : X → [0, 1] such that δ n (X \ W n ) = {0} and δ n (F n+1 ) = {1}. Let the mapping ψ 0 : X → L(A) is defined by ψ 0 (x) = 0. Moreover, for every n ∈ ω the mapping ψ n : G n → L(A) is defined by ψ n (x) = i∈In µ n,i (x). Obviously, all mappings ψ n are continuous. Now we consider the
It is clear that ψ is continuous at every point
Fix a point x 0 ∈ A and show that ψ is continuous at x 0 . It is sufficient to prove that for every y ∈ C p (X) there exists a neighborhood U of x 0 in X such that |ψ(x)(y) − ψ(x 0 )(y)| < 1 for each x ∈ U .
Let y 0 ∈ C p (X) and U be a neighborhood of x 0 in X such that |y 0 (x)−y 0 (x 0 )| < 1 for every x ∈ U . According to the choice of U (n, i) and λ n,i , there exist a n 0 ∈ ω and a neighborhood U 0 of x 0 such that λ n,i (U (n, i) ∩ U 0 ) ⊆ U for every n ≥ n 0 . Then for every n ≥ n 0 and x ∈ U 0 ∩ G n we have
Now it is easy to see that |ψ(x)(y 0 ) − ψ(x 0 )(y 0 )| < 1 for each x ∈ U 0 ∩ W n0+1 .
The following proposition shows that Theorem 3.3 is a generalization of Theorem 4.3 from [2] . Proposition 3.4. Let X be a stratifiable space. Then every closed in X set A ⊆ X is well-covered in X.
Proof. According to the definition of stratifiable space there exists a mapping G which assigns to each n ∈ ω and a closed subset H ⊆ X, an open set G(n, H) contained H such that (1) H = n∈ω G(n, H); (2) G(n, H) ⊆ G(n, K) for every closed subsets H ⊆ K ⊆ X and n ∈ ω. Note that without loss of the generality we may assume that G(n + 1, H) ⊆ G(n, H) for all n ∈ ω and all open sets H ⊆ X. Let A be a closed subset of X. For every n ∈ ω we choose a locally finite in X open refinement (U (n, i) : i ∈ I n ) of (G(n, {x}) : x ∈ A). For every n ∈ ω and i ∈ I n we choose x(n, i) ∈ A with U (n, i) ⊆ G(n, {x(n, i)}) and put λ n,i (x) = x(n, i) for every x ∈ U (n, i). We show that sequences of covers (U (n, i) : i ∈ I n ) and families (λ n,i : i ∈ I n ) satisfy the condition from the definition of well-covered set.
Let x 0 ∈ A and U be an open neighborhood of x 0 . We choose n 0 ∈ ω such that x 0 ∈ G(n 0 , X \ U ) and put U 0 = X \ G(n 0 , X \ U ). Let n ≥ n 0 and i ∈ I n with U (n, i) ∩ U 0 = ∅. Since U (n, i) ⊆ G(n, {x(n, i)}), G(n, {x(n, i)}) ∩ U 0 = ∅, i.e. G(n, {x(n, i)}) ⊆ G(n 0 , X \U ). Taking into account that G(n, X \U ) ⊆ G(n 0 , X \U ) we obtain that G(n, {x(n, i)}) ⊆ G(n, X \ U ). Thus, x n,i ∈ U according to (2) .
Remark 3.5. The Sorgenfrey line S is an example of a perfectly normal nonstratifiable space in which every closed subset is well-covered in S.
